Learning from inout-output mixes in DEA: A proportional measure for slack-based efficient projections. by Cherchye, Laurens & Van Puyenbroeck, T
Ohduqlqj iurp Lqsxw0Rxwsxw Pl{hv lq GHD =
D Sursruwlrqdo Phdvxuh iru Vodfn0Edvhg H!flhqw
Surmhfwlrqv
Odxuhqv FKHUFK\H￿ dqg Wrp YDQ SX\HQEURHFN






Vhyhudo Gdwd Hqyhorsphqw Dqdo|vlv +GHD, prghov xvh d udgldo glvwdqfh phdvxuh
wkdw lv edvhg rq wkh Gheuhx0Iduuhoo qrwlrq ri +lq,h!flhqf|1 Zkloh wklv phdvxuh kdv
dq dwwudfwlyh lqwhusuhwdwlrq/ lwv xvh pd| eh sureohpdwlf li vodfnv ru }hurv lq wkh gdwd
duh suhvhqw1 Wkh dgglwlyh GHD prgho fdq shuihfwo| ghdo zlwk wkhvh sureohpv/ exw
wkh phdqlqj ri lwv dvvrfldwhg vfruhv lv ohvv lqwxlwlyh wkdq wkh rqh dwwdfkhg wr wkh
udgldo phdvxuhv1 Zh lqwurgxfh dq dowhuqdwlyh h!flhqf| phdvxuh/ edvhg rq wkh uhvxowv
ri wkh dgglwlyh prgho/ wkdw fdq eh ghfrpsrvhg lq d Gheuhx0Iduuhoo frpsrqhqw dqg
d idfwru wkdw fdswxuhv gl￿huhqfhv lq lqsxw0rxwsxw pl{hv z1u1w1 wkrvh ri wkh ehvw
sudfwlfh uhihuhqfh revhuydwlrq1 Rq dq djjuhjdwh ohyho/ wklv vhfrqg frpsrqhqw fdq eh
frqvlghuhg dv dq lqglfdwru ri wkh glvshuvlrq ehwzhhq udgldo h!flhqf| phdvxuhphqw
dqg uhvxowv edvhg rq wkh Sduhwr0Nrrspdqv h!flhqf| qrwlrq1 Rq wkh lqglylgxdo ohyho/
wkh phdvxuh doorzv wr uhjdug uhodwlyh lqh!flhqf| dv uhvxowlqj iurp +l, d glyhujhqfh ri
lpsolflw frvw sulfh yhfwruv/ dqg +ll, d frvw ohyho wkdw lv wrr kljk/ hyhq diwhu dgmxvwphqw
iru wkh lpsolflw frvw sulfhv1
Nh|zrugv= Whfkqlfdo h!flhqf|/ dgglwlyh GHD prgho/ lpsolflw sulfhv
￿Fruuhvsrqglqj dxwkru1 H0pdlo= Odxuhqv1Fkhufk|hChfrq1nxohxyhq1d￿ f1eh
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Gdwd Hqyhorsphqw Dqdo|vlv +GHD, dv dq h!flhqf| phdvxuhphqw wrro hvvhqwldoo| vwduwv
iurp revhuyhg gdwd/ xvxdoo| lq wkh frqwh{w ri surgxfwlrq/ wr +l, fuhdwh d ehvw sudfwlfh
hqyhorsh e| phdqv ri pdwkhpdwlfdo surjudpplqj whfkqltxhv/ dqg +ll, xvh wklv uhihuhqfh
iurqwlhu dqg d glvwdqfh frqfhsw wr frpsxwh h!flhqf| phdvxuhv iru doo revhuydwlrqv1 Zkloh
vhyhudo GHD0prghov h{lvw/ pdq| ri wkhp kdyh lq frpprq wkh xvh ri d uhodwlyh udgldo
glvwdqfh phdvxuh wr eh hpsor|hg lq wkh vhfrqg ri wkhvh deryh vwhsv1 Lqghhg/ wkh wzr
ehqfkpdun GHD prghov ri Fkduqhv/ Frrshu dqg Ukrghv +FFU> 4<:;/4<:<, dqg Edqnhu/
Fkduqhv dqg Frrshu +EFF> 4<;7, dlphg wr sxw lqwr sudfwlfh wkh qrwlrq ri h!flhqf| dv
h { s u h v v h gl qw k hh d u o l h uz r u nr iG h e u h x+ 4 < 8 4 ,d q gI d u u h o o+ 4 < 8 : , 1L qd qh q y l u r q p h q wz k h u h
pxowlsoh lqsxwv duh xvhg wr surgxfh pxowlsoh rxwsxwv/ wkh Gheuhx0Iduuhoo lqsxw phdvxuh
lv frpsxwhg dv rqh plqxv wkh pd{lpxp htxlsursruwlrqdwh uhgxfwlrq lq doo lqsxwv zklfk
vwloo doorzv iru surgxfwlrq ri wkh jlyhq dprxqw ri rxwsxw/ zkloh wkh Gheuhx0Iduuhoo rxwsxw
phdvxuh lv dovr ghqhg zlwk uhihuhqfh wr wkh pd{lpxp ihdvleoh htxlsursruwlrqdwh rxwsxw
h{sdqvlrq1
Qh{w wr wklv cklvwrulfdo* h{sodqdwlrq iru wkhlu srsxodulw|/ wkhvh phdvxuhv kdyh vrph
dwwudfwlyh surshuwlhv erwk iru wkh sudfwlwlrqhu zkr qhhgv wr frppxqlfdwh GHD uhvxowv/
dqg iru wkh vfkrodu lqwhuhvwhg lq wkh uhodwlrqvkls ehwzhhq GHD dqg wkh plfurhfrqrplf
wkhru| ri surgxfwlrq1 Wkh iruphu fdq vxppdul}h pxowlsoh glphqvlrqv lq rqh vfdodu/ dqg
h{suhvv wkh +lq,h!flhqf| cvfruh* ri dq| revhuyhg surgxfwlyh xqlw dv d ghjuhh1 Wkh odwwhu
pd| zhoo dssuhfldwh wkh forvh olqn ehwzhhq wkh Gheuhx0Iduuhoo phdvxuh dqg Vkhsdug*v
glvwdqfh ixqfwlrq/ dqg wkh uhodwhg idfw wkdw hyhq li sulfhv duh qrw revhuyhg wkh phd0
vxuhv kdyh d vwudljkwiruzdug frvw lqwhusuhwdwlrq1 Vshflfdoo|/ wkh| fdq eh zulwwhq dv wkh
udwlr ri plqlpdo wr dfwxdo frvwv +lqsxw rulhqwdwlrq, ru dfwxdo wr pd{lpdo uhyhqxhv +rxwsxw
rulhqwdwlrq,/ lqghshqghqwo| ri wkh sulfh yhfwru zklfk lv xvhg ^vhh Uxvvhoo +4<;8,`1
Qh{w wr wkh Gheuhx0Iduuhoo h!flhqf| qrwlrq/ wkhuh h{lvwv dqrwkhu zlgho| xvhg frqfhsw
lqwurgxfhg e| Nrrspdqv +4<84,/ zklfk lv frpprqo| uhihuuhg wr dv Sduhwr0Nrrspdqv
h!flhqf|1 Lq wklv fdvh d ghflvlrq pdnlqj xqlw +GPX, lv vdlg wr eh whfkqlfdoo| h!flhqw li
dq lqfuhdvh lq dq| rxwsxw ru d ghfuhdvh lq dq| lqsxw uhtxluhv d ghfuhdvh lq dw ohdvw rqh rwkhu
rxwsxw ru dq lqfuhdvh lq dw ohdvw rqh rwkhu lqsxw1 Wkh udgldo +htxlsursruwlrqdwh, qdwxuh ri
frpsdulvrqv lv fohduo| dedqgrqhg lq wkh vhfrqg ri wkhvh qrwlrqv1 Hylghqwo| wkhq/ Gheuhx0
Iduuhoo h!flhqf| grhv qrw qhfhvvdulo| lpso| Sduhwr0Nrrspdqv h!flhqf|1 Lqghhg/ li vodfnv
duh suhvhqw/ wkh Gheuhx0Iduuhoo dssurdfk pd| ohdg wr dq revhuydwlrq ehlqj frpsduhg wr
d uhihuhqfh GPX zklfk lv qrw Sduhwr0Nrrspdqv h!flhqw1 Wkh sureohp lv vrphzkdw
plwljdwhg e| dsshqglqj dq| vodfnv/ zhljkwhg e| wkh lqqlwhvlpdo frqvwdqw 0/w rw k h
ydoxh ri wkh udgldo phdvxuh1 Lw lv nqrzq wkdw wklv riwhq hpsor|hg vroxwlrq grhv kdyh
vrph gudzedfnv1 Iluvw/ dv lq dq| sudfwlfdo dssolfdwlrq 0 pxvw eh jlyhq vrph ydoxh/ lw
fdq jlyh ulvh wr frpsxwdwlrqdo sureohpv ^vhh Dol +4<<7,`1 D vhfrqg/ pruh ixqgdphqwdo
fulwltxh lv wkdw/ wkrxjk wkh xvh ri 0 h{foxghv Sduhwr0Nrrspdqv grplqdwhg revhuydwlrqv
iurp ehlqj lghqwlhg dv h!flhqw/ lw idoov vkruw lq holplqdwlqj wkh wrwdo lpsdfw ri vodfnv rq
wkh hyhqwxdo h!flhqf| vfruhv1 Hvshfldoo| zkhq vodfnv duh odujh dqg rffxu iuhtxhqwo| wkh|
frxog lq xhqfh wkh h!flhqf| vfruhv dqg udqnlqjv frqvlghudeo|/ zklfk lq wxuq frxog uhvxow
lq zurqj pdqdjhphqw frqfoxvlrqv1
5Lq vrph dssolfdwlrqv vodfnv lqghhg dsshdu v|vwhpdwlfdoo| zkloh qrw ehlqj lqvljql0
fdqwo| vpdoo1 Lq vxfk fdvhv lw vhhpv pruh dssursuldwh wr fdoo iru qrq0udgldo phdvxuhv
frpsxwhg iurp frpsdulvrq ri hdfk revhuydwlrq wr d uhihuhqfh GPX zklfk lv qrw grpl0
qdwhg lq wkh Sduhwr0Nrrspdqv vhqvh1 Wkh Içuh0Oryhoo +4<:;, dqg wkh ]lhvfkdqj +4<;7,
phdvxuhv duh wzr h{dpsohv ehorqjlqj wr wklv fodvv1 D frpsdudwlyh vwxg| e| Ihuulhu/
Nhuvwhqv dqg Ydqghq Hhfndxw +4<<7, vkrzv wkdw erwk phdvxuhv kdyh vrph idyrxudeoh
fkdudfwhulvwlfv/ pdnlqj wkhp d uhfrpphqgdeoh dowhuqdwlyh iru wkh udgldo phdvxuh zkhq
vxevwdqwldo dprxqwv ri vodfnv duh suhvhqw1
Ihuulhu/ Nhuvwhqv dqg Ydqghq Hhfndxw qrwhg krzhyhu dqrwkhu sureohp dvvrfldwhg zlwk
wkh Içuh0Oryhoo dqg ]lhvfkdqj h!flhqf| phdvxuhv/ yl}1 wkh idfw wkdw wkh|/ mxvw dv udgldo
phdvxuhv ^vhh Wkrpsvrq/ Gkdupdsdod dqg Wkudoo +4<<6,`/ fdqqrw hdvlo| kdqgoh }hur lqsxw
dqg rxwsxw gdwd41 Zkloh dw uvw vljkw d vroxwlrq pd| eh rhuhg e| d!qh glvsodfhphqwv
ri wkh gdwd/ Dol dqg Vhlirug +4<<3, pdgh fohdu wkdw wudqvodwlrq lqyduldqfh shuwdlqv rqo|
wr wkh fodvvlfdwlrq ri GPXv dv h!flhqw ru lqh!flhqw1 Wkh dfwxdo h!flhqf| vfruhv dqg
udqnlqjv fdq eh dowhuhg1 Pruhryhu/ wklv olplwhg lqyduldqfh rqo| krogv iru prghov vxfk
dv wkh EFF0prgho/ frqwdlqlqj d frqyh{lw| frqvwudlqw zklfk uh hfwv wkh dvvxpswlrq ri
yduldeoh uhwxuqv wr vfdoh1 Wkhvh ihdwxuhv fduu| ryhu wr wkh Içuh0Oryhoo dqg wkh ]lhvfkdqj
fodvvlfdwlrq1
D prgho wkdw kdqgohv erwk wkh vodfn0sureohp dqg wkh rffxuuhqfh ri }hurv lq gdwd lv wkh
dgglwlyh prgho ri Fkduqhv hw do1 +4<;8,/ zklfk zh zloo glvfxvv lq vrphzkdw pruh ghwdlo
ehorz1 Iru wkh prphqw zh srlqw dw vrph sureohpv dvvrfldwhg zlwk wkh vfruhv rewdlqhg
iurp wkh dgglwlyh GHD0prgho dv lw zdv ruljlqdoo| irupxodwhg1 Iluvw/ xqolnh wkh Gheuhx0
Iduuhoo phdvxuhv wkh vfruhv odfn dq dwwudfwlyh ghjuhh lqwhusuhwdwlrq1 Wkh| htxdo }hur iru
dq h!flhqw revhuydwlrq dqg duh qhjdwlyh iru dq lqh!flhqw revhuydwlrq1 Qr glphqvlrqohvv
phdqlqj dwwdfkhv wr wkh pdjqlwxgh ri wkh qhjdwlyh ydoxh/ wkh odwwhu ehlqj frqvwuxfwhg dv d
vxp ri vodfnv1 Krzhyhu/ wklv fdq eh dqg kdv ehhq ryhufrph e| d sduwlfxodu uhvfdolqj ri wkh
vfruhv +vhh ehorz,1 D vhfrqg lqfrqyhqlhqfh lv wkdw h!flhqf| dqdo|vlv edvhg rq wklv prgho
lv qrw crulhqwhg*1 Xqolnh h1j1 wkh EFF prgho/ wkh ruljlqdo dgglwlyh GHD prgho grhv qrw
vsolw xs joredo h!flhqf| ri dq revhuydwlrq lqwr dq lqsxw dqg rxwsxw frpsrqhqw1 Sdvwru
+4<<7, vkrzhg wkdw wklv vhfrqg gudzedfn fdq hdvlo| eh vroyhg e| d vlpsoh prglfdwlrq ri
wkh ruljlqdo dgglwlyh prgho/ zklfk zloo eh lqwurgxfhg lq wkh qh{w vhfwlrq1
Zh zloo xvh wkh odwwhu prglfdwlrq wr lqwurgxfh dq dowhuqdwlyh uhodwlyh +lqsxw dqg
rxwsxw, h!flhqf| phdvxuh frpsxwhg iurp wkh dgglwlyh uhvxowv1 Wkh dvvrfldwhg h!flhqf|
v f r u h vf d qe hg h f r p s r v h gl qd qd s s h d o l q jz d | 1 V s h f l  f d o o | /w k h |d u hw k hs u r g x f wr id
fodvvlfdo udgldo phdvxuh dqg d idfwru wkdw fdswxuhv glhuhqfhv lq lqsxw0rxwsxwpl{hv ri dq
hydoxdwhg revhuydwlrq ylv0ã0ylv lwv ehvw sudfwlfh uhihuhqfh1 Wkxv/ hyhq li wkh qdwxuh ri d
gdwdvhw suhyhqwv ru frpsolfdwhv wkh xvh ri d Gheuhx0Iduuhoo phdvxuh/ uhodwhg lqirupdwlrq
fdq eh rewdlqhg iurp d vodfn0edvhg phdvxuh1 Pruhryhu/ li wkh vdph gdwdvhw mxvwlhv
wkh xvh ri qrq0udgldo surmhfwlrqv rq wkh h!flhqw iurqwlhu/ wklv lpsolhv wkdw dq lqh!flhqw
revhuydwlrq fdq lq sulqflsoh dovr ohduq iurp wkh lqsxw0rxwsxw pl{ ri lwv ehvw sudfwlfh
4Lq idfw I￿uh/ Oryhoo dqg ]lhvfkdqj +4<;6, sursrvhg d vroxwlrq iru wkh }hur sureohp1 Wkh lghd zdv
wr prgli| wkh phdvxuhv vr wkdw dq| lq xhqfh ri }hur glphqvlrqv rq wkh h!flhqf| phdvxuh zdv dyrlghg1
Wklv lpsolhg/ krzhyhu/ wkdw wkh shuirupdqfh ri gl￿huhqw revhuydwlrqv zdv phdvxuhg uhodwlyh wr vsdfhv ri
gl￿huhqw glphqvlrqdolw|1
6uhihuhqfh revhuydwlrq1 Lq jhqhudo/ djjuhjdwh lqirupdwlrq derxw wkh lpsruwdqfh ri wkh
pl{0ghyldwlrq idfwru fdq eh frqvlghuhg dv dq lqglfdwru ri wkh glvshuvlrq ehwzhhq Gheuhx0
Iduuhoo h!flhqf| phdvxuhphqw dqg uhvxowv rewdlqhg e| uhihuulqj wr wkh Sduhwr0Nrrspdqv
h!flhqf| qrwlrq1 Lq wkh wklug vhfwlrq wkh rxwsxw phdvxuh zloo eh looxvwudwhg xvlqj wkh
dssolfdwlrq ri Qdvk dqg Vwhuqd0Nduzdw +4<<9,1 Wkh qdo vhfwlrq zloo uhsurgxfh rxu pdlq
qglqjv dqg eulh | frpphqw rq vrph srvvleoh jhqhudol}dwlrqv1
5 Sursruwlrqdo vodfn edvhg phdvxuhv= frqvwuxfwlrq
dqg lqwhusuhwdwlrq
Dv d suholplqdu| vwhs ohw xv uvw frqvlghu wkh ruljlqdo dgglwlyh prgho dv lw zdv irupxodwhg
e| Fkduqhv/ Frrshu/ Jrodq|/ Vhlirug dqg Vwxw} +4<;8,1 Wklv prgho uhodwhv h!flhqf|
uhvxowv wr wkh qrwlrq ri Sduhwr0Nrrspdqv h!flhqf|1 Uhihuulqj wr wkh suhylrxv vhfwlrq/
lqh!flhqf| lq wkh Sduhwr0Nrrspdqv vhqvh lpsolhv wkdw iru wkh h{dplqhg GPX wkhuh
h{lvwv dw ohdvw rqh rwkhu ihdvleoh lqsxw0rxwsxw yhfwru zklfk zhdno| h{fhhgv doo ri wkh
GPX*v rxwsxw ohyhov zkloh vlpxowdqhrxvo| qrw xvlqj pruh ri dq| ri wkh GPX*v lqsxw
ohyhov/ zlwk vwulfw lqhtxdolw| ri dw ohdvw rqh frpsrqhqw +lqsxw ru rxwsxw,1 Wkh whvw iru
Sduhwr0Nrrspdqv rswlpdolw| iru dq revhuydwlrq J wkxv dprxqwv wr vroylqj wkh iroorzlqj
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zkhuh v lv d qrq0qhjdwlyh rxwsxw pdwul{ dqg j d qrq0qhjdwlyh lqsxw pdwul{/ zlwk
wk froxpqv t￿ dqg f￿/ uhvshfwlyho|1 Wkh yhfwruv rn dqg r3 frqwdlq wkh rxwsxw dqg lqsxw
vodfnv1 Wkh yhfwru eA lv wkh vxp yhfwru1
Fohduo| wkh h!flhqf| vfruh/ 5J/ lv h{foxvlyho| frpsrvhg ri d vxp ri vodfnv1 Dv vxfk 5J
lv qrw xqlwv lqyduldqw/ d sureohp wkdw fdq eh vroyhg e| suhvfdolqj wkh gdwd1 D frpprqo|
xvhg vfdolqj surfhgxuh lv wr glylgh hdfk lqsxw +ru rxwsxw, lq d GPX*v yhfwru e| wkh
5Iru wkh sxusrvh ri wklv sdshu lw vx!fhv wr frqvlghu rqo| wkh vr0fdoohg hqyhorsphqw irupxodwlrq ri wkh
dgglwlyh prgho1 Qrwh wkdw rqh frxog htxdoo| zhoo xvh wkh gxdo/ ￿pxowlsolhu￿ irupxodwlrq1
7dyhudjh revhuyhg lqsxw +ru rxwsxw, lq lwv fdwhjru|1 Wkh dqdo|vlv fdq wkhq eh shuiruphg
rq wkh vfdohg gdwd1 Wklv surfhgxuh erlov grzq wr vxevwlwxwlqj wkh remhfwlyh ixqfwlrq ri
prgho 4 e| wkh iroorzlqj=
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zlwk (+￿ dqg (%￿ uhsuhvhqwlqj wkh gldjrqdo pdwulfhv ri rxwsxw dqg lqsxw dyhudjhv/
uhvshfwlyho|1 Vwloo/ wklv irupxodwlrq odfnv wkh ghjuhh lqwhusuhwdwlrq dvvrfldwhg zlwk wkh
Gheuhx0Iduuhoo phdvxuh1 Wr rewdlq d uhodwlyh vfruh/ wkh iroorzlqj phdvxuh/ uvw sursrvhg

















zkhuh wkh vxshuvfulsw +W, ghqrwhv dq rswlpdo ydoxh1 Orrvho| vshdnlqj/ wkh phdvxuh lv
frpsxwhg dv wkh cvxp ri wdujhwv* glylghg e| d vxp ri wkh cvxp ri wdujhwv* dqg wkh cvxp ri
vodfnv* ^vhh dovr Kddj/ Mdvnd dqg Vhpsoh +4<<5,`1 Wkh 2C72 p h d v x u hk d vw k hs u r s h u w |
wkdw vfruhv duh cglphqvlrqohvv* lq wkdw wkh| olh ehwzhhq }hur dqg rqh1
Prgho 4 surylghv d phdvxuh iru wkh ryhudoo h!flhqf| ri dq revhuydwlrq1 Lw lv frqfhlydeoh
wkdw lq vrph dssolfdwlrqv rqh lv lqwhuhvwhg lq doorzlqj iru d vhsdudwh uhihuhqfh srlqw iru
lqsxw dqg rxwsxw +lq,h!flhqf|1 Wklv lqirupdwlrq zrxog eh rewdlqhg e| dq lqsxw rulhqwhg
dqg dq rxwsxw rulhqwhg dgglwlyh prgho uhvshfwlyho| ^Sdvwru +4<<7,`1 Hvvhqwldoo|/ wklv uh0
txluhv hdfk revhuydwlrq wr eh frpsduhg zlwk doo Sduhwr0Nrrspdqv h!flhqw ihdvleoh lqsxw0
rxwsxw frpelqdwlrqv wkdw xvh dw prvw wkh vdph dprxqw ri lqsxw +rxwsxw rulhqwdwlrq, dqg
zlwk doo Sduhwr0Nrrspdqv h!flhqw phpehuv ri wkh surgxfwlrq vhw wkdw surgxfh dw ohdvw
wkh vdph dprxqw ri rxwsxw +lqsxw rulhqwdwlrq,/ uhvshfwlyho|1 Ryhudoo Sduhwr0Nrrspdqv
h!flhqf| lv dfklhyhg e| dq revhuydwlrq zklfk lv dv zhoo lqsxw dv rxwsxw h!flhqw1
Lq d uvw vwhs rqh vkrxog lghqwli| wkh Sduhwr0Nrrspdqv h!flhqw GPXv1 Wr gr vr wkh
ruljlqdo dgglwlyh prgho vkrxog eh dssolhg1 Vxssrvh wkhuh duh  revhuydwlrqv ri zklfk wkh
dgglwlyh prgho odehov  dv h!flhqw1 Ohw xv ghqrwh e| jW dqg vW wkh lqsxw dqg rxwsxw
pdwulfhv dvvrfldwhg zlwk wkhvh h!flhqw revhuydwlrqv1 Iru hdfk ri wkh    lqh!flhqw
revhuydwlrqv wkh iroorzlqj lqsxw dqg rxwsxw rulhqwhg dgglwlyh sureohpv vkrxog wkhq eh
vroyhg=
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Wkh lqsxw dqg rxwsxw h!flhqf| phdvxuhv zh suhvhqw ehorz duh hdvlo| frpsxwhg xvlqj
wkh uhvxowv ri prghov 5 dqg 61 Zh zloo uvw frqfhqwudwh rq wkh lqsxw phdvxuh/ vr dv wr
vnhwfk wkh edvlf lqwxlwlrq1 Diwhuzdugv zh zloo lqwurgxfh dqg dsso| wkh rxwsxw phdvxuh1
Vroylqj prgho 5 uhvxowv lq dq lqsxw h!flhqf| udwlqj zklfk phdvxuhv wkh pd{lpxp ￿
ru rqh0qrup glvwdqfh wkdw d sduwlfxodu GPX olhv iurp wkh uhihuhqfh yhfwru rq wkh +lqsxw,
h!flhqf| iurqwlhu1 Wkh vdph uhihuhqfh yhfwru lv dovr xvhg iru ghwhuplqlqj rxu h!flhqf|
phdvxuh/ zklfk h{sodlqv wkh vodfn0edvhgqhvv dsshdulqj lq wkh wlwoh ri wklv sdshu1 Qrz/
krzhyhu/ zh vzlwfk iurp wkh rqh0qrup rulhqwdwlrq wr wkh pruh srsxodu wzr0qrup/ 2
ru hxfolghdq glvwdqfh wr duulyh dw d sursruwlrqdo phdvxuh1 Wkh lqsxw h!flhqf| ri dq
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Olnh wkh Gheuhx0Iduuhoo phdvxuh/ +5, vkrzv wkdw wkh ghjuhh ri lqh!flhqf| lv frp0
sxwhg e| glylglqj wzr udgldo glvwdqfhv1 Krzhyhu/ wkh qxphudwru lv qr orqjhu irxqg xvlqj
htxlsursruwlrqdwh lqsxw surmhfwlrqv1 Wdnhq wrjhwkhu lw lpsolhv wkdw wkh gluhfwlrqv ri wkh
wzr udgldo yhfwruv zloo lq jhqhudo qrw frlqflgh1 Wklv ghyldwlrq kdv d fohdu lqwxlwlrq/ dv zh
zloo qrz ghprqvwudwh1
Lq jxuh 4 dq lqsxw yhfwru %@ E' E.ce lv gudzq1 Vxssrvh wkdw wkh dgglwlyh prgho
k d vv h o h f w h gy h f w r u%KE' E2c dv lwv uhihuhqfh yhfwru1 Wkh yhfwruv %@ dqg %K glhu lq
wzr glphqvlrqv1 Iluvw/ wkhuh lv wkh reylrxv idfw wkdw %K Sduhwr0grplqdwhv %@1V h f r q g /
wkh lqsxw pl{hv ri %@ dqg %K glhu1 Lqghhg/ wkh sursruwlrq %￿
%2 iru %@ lv .
e zkhuhdv lw
rqo| dprxqwv wr 2
￿ iru %K1 Wkh odwwhu uhvxowv iurp glhuhqw lpsolflw frvw sulfh yhfwruv/
uhvshfwlyho| @ E' Ec.*e dqg K E' Ec2*61
Dsso|lqj +5, |lhogv dq h!flhqf| vfruh ri ee.2 I iru %@1 Wklv vfruh fdq eh ghfrpsrvhg
lq wzr idfwruv1 Wr vhh wklv zh uvw frqvwuxfw wkh olqhv shushqglfxodu wr wkh udgldov wkurxjk
6Wkh ￿uvw lqsxw lv wdnhq dv wkh qxp￿udluh1
























%@ dqg %K1 Wkhvh olqhv wdnh wkh irup q￿ ' A
￿ %￿ E ' @cK/z l w k@ dqg K htxdoolqj
Ece*. dqg Ec*2/ uhvshfwlyho|1 Erwk shushqglfxoduv duh ghslfwhg lq jxuh 4/ wrjhwkhu
zlwk d olqh wkurxjk %@ zklfk lv sdudooho wr wkh shushqglfxodu wkurxjk %K1 Wklv doorzv xv
wr lghqwli| %S/ zklfk lv wkh forvhvw surmhfwlrq ri %@ rq wkh udgldo wkurxjk %K1
Lq idfw %S fruuhfwv iru wkh ghyldwlrq ehwzhhq @ dqg K1 Lq rughu wr jhw iurp %@ wr %K
rqh uvw qhhgv wr dgmxvw wkh lqsxw0pl{ E%@ $ %Sc vr dv wr dsso| dq htxlsursruwlrqdwh
uhgxfwlrq ri doo lqsxwv E%S $ %K diwhuzdugv1 Wkh lqh!flhqf| ri %@ wkxv uhvxowv iurp +l, d
ghyldwlrq iurp wkh uhihuhqfh frvw sulfh yhfwru dqg +ll, d frvw ohyho zklfk lv wrr kljk/ hyhq
diwhu dgmxvwphqw iru wkh lpsolflw frvw sulfhv1
Dq dssursuldwh phdvxuh iru +l, lv wkh frvlqh ri wkh dqjoh ehwzhhq wkh yhfwruv %K +ru
%S,d q g%@1 Wkh udwlr ri wkh frvw ohyho ri %K ryhu wkh frvw ohyho ri %S frqvwlwxwhv d phdvxuh
iru +ll,1 Lq idfw/ wkh odwwhu lv d phdvxuh iru wkh udwlr ri plqlpdo wr dfwxdo frvwv diwhu
fruuhfwlrq iru wkh lpsolflw sulfh yhfwru1 Wklv fohduo| uhihuv wr wkh frvw lqwhusuhwdwlrq ri
wkh udgldo h!flhqf| phdvxuhv vwuhvvhg e| Uxvvhoo +4<;8,1 Zh fdq qrz ghfrpsrvh wkh
lqsxw h!flhqf| phdvxuh +5, dv iroorzv=
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Wkh deryh h{dpsoh looxvwudwhv krz wkh lqsxw h!flhqf| phdvxuh +5, fdq eh ghfrpsrvhg
lqwr wzr frpsrqhqwv1 Wkh uvw frpsrqhqw fdswxuhv wkh udgldo lqh!flhqf| gxh wr d kljkhu
frvw ohyho diwhu dgmxvwphqw iru wkh lpsolflw yhfwru +Gheuhx0Iduuhoo frpsrqhqw +GI,,1 Wkh
vhfrqg frpsrqhqw fdswxuhv wkh lqh!flhqf| gxh wr wkh ghyldwlrq ri wkh dfwxdo +lpsolflw,
frvw sulfh yhfwru iurp wkh uhihuhqfh frvw sulfh yhfwru +Lpsolflw Sulfh Fruuhvsrqghqfh frp0
srqhqw +LSF,,1 Lwv ydoxh zloo htxdo rqh li erwk frvw sulfh yhfwruv frlqflgh/ dqg lw zloo eh
orzhu dv wkh sulfh yhfwruv ghyldwh1 Phdvxuh +5, wkxv h{suhvvhv wkh lghd wkdw lq d pxowl0
soh lqsxw vhwwlqj wkhuh duh wzr vrxufhv ri lqh!flhqf|1 Lqghhg/ h!flhqf| grhv qr orqjhu
rqo| ghshqg rq d udwlr ehwzhhq plqlpdo wr dfwxdo lqsxwv exw dovr rq wkh sursruwlrq eh0
wzhhq wkh vhyhudo lqsxwv1 Vwdwhg rwkhuzlvh/ dv frpsduhg wr wkh Gheuhx0Iduuhoo phdvxuh
wkh lqsxw0rxwsxwpl{hv ri revhuydwlrqv wkdw duh irxqg wr eh lqh!flhqw +ru htxlydohqwo|/
wkhlu lpsolflw sulfh yhfwruv, duh qr orqjhu vdfurvdqfw zkhq orrnlqj iru d ehvw sudfwlfh
uhihuhqfh GPX1 Lqvwhdg/ wkh slfwxuh lv uhyhuvhg dqg lqh!flhqw GPXv fdq ohduq iurp wkh
lqsxw0rxwsxw pl{ ri wkhlu lghqwlhg uhihuhqfh GPXv1
Lq wkh jhqhudo fdvh wkh dgglwlyh prgho zloo lghqwli| yhfwru %- dv wkh uhihuhqfh lqsxw
yhfwru iru %1 Ghqrwlqj wkh yhfwruv zklfk ghqh wkh shushqglfxodu rq wkh udgldov wkurxjk
% dqg %- dv uhvshfwlyho| - dqg / zh jhw=












Dq dqdorjrxv irupxodwlrq krogv iru wkh vodfn edvhg rxwsxw h!flhqf| phdvxuh7=









zkhuh + dqg +- ghqrwh wkh dfwxdo dqg uhihuhqfh rxwsxw yhfwru/ uhvshfwlyho|1 Wkh
yhfwruv  dqg - ghqh wkh shushqglfxoduv rq wkh udgldov1 Qrwh wkdw wkhvh shushqglfxoduv
frlqflgh zlwk wkh lpsolflw lvruhyhqxh olqhv/ vr wkdw  dqg - duh lq idfw lpsolflw uhyhqxh
sulfh yhfwruv1 Wkh lqwhusuhwdwlrq ri wkh rxwsxw phdvxuh iroorzv lpphgldwh1 Lw lv qrwdeo|
wkh rxwsxw phdvxuh +7, zklfk zloo eh xvhg lq wkh qh{w vhfwlrq1
6 Dssolfdwlrq
Wr looxvwudwh wkh phdvxuh dqg lwv ghfrpsrvlwlrq zh zloo dsso| lw rq d sureohp wdnhq
iurp Qdvk dqg Vwhuqd0Nduzdw +4<<9,1 Wkhvh dxwkruv dqdo|vhg wkh h!flhqf| ri qdqfldo
surgxfw furvv0vhoolqj iru d vdpsoh ri :8 edqn eudqfkhv1 Furvv0vhoolqj h!flhqf| uhihuv wr
wkh dprxqw ri uhodwhg surgxfwv wkdw lv vrog zlwk wkh vdoh ri d pdmru surgxfw1 Lq wkh
vwxg| krxvlqj ordqv zhuh lghqwlhg dv ehlqj wkh pdmru surgxfw1 Irxu dvvrfldwhg surgxfwv
7Qrwh wkdw rqh fdqqrw wdnh
n|n














1 Ghyldwlrqv iurp wkh uhihuhqfh rxwsxw sursruwlrqv
zrxog wkxv eh uhzdughg/ zklfk lv fohduo| xqghvludeoh1
;zhuh vhohfwhg1 Wkh udwlr ri hdfk ri wkhvh surgxfwv ryhu wkh dprxqw ri krxvlqj ordqv vrog
surylghv d sduwldo phdvxuh ri furvv0vhoolqj h!flhqf|1 Wkh Qdvk dqg Vwhuqd0Nduzdw gdwd
duh +dovr, uhsruwhg lq wkh dsshqgl{1
Wkh vdpsoh kdv wzr sduwlfxodu ihdwxuhv1 Iluvw wkhuh duh }hurv lq wkh gdwd vhw dv vrph
eudqfkhv glg qrw furvv0vhoo fhuwdlq surgxfwv gxulqj wkh shulrg frqvlghuhg1 Wklv lv d uvw
uhdvrq zk| wkh srsxodu udgldo prghov fdqqrw eh hpsor|hg1 Exw wkhuh lv dovr d vhfrqg
uhdvrq zk| wkh| gr qrw vhhp dssursuldwh1 D qxpehu ri eudqfkhv shuirup uhodwlyho| zhoo
rq vrph surgxfwv zkloh wkhuh lv rqo| d srru shuirupdqfh zlwk uhvshfw wr rwkhu surgxfwv1
Reylrxvo|/ lq wkhvh fdvhv lw grhv vhhp kdug wr ghihqg wkdw d phdvxuh fdswxulqj wkh
pd{lpxp htxlsursruwlrqdwh h{sdqvlrq lq doo rxwsxwv zloo dghtxdwho| uh hfw wkh ryhudoo
uhodwlyh furvv0vhoolqj h!flhqf|1
Lq d uvw h{huflvh wkh ruljlqdo dgglwlyh prgho zdv hpsor|hg1 Iurp wkh dgglwlyh uhvxowv
wkh 2C72 vfruhv zhuh frpsxwhg1 Lw dsshduhg wkdw wkh pdq| }hurv lq wkh gdwd glv0
wruwhg wkh dqdo|vlv ri wkh eudqfk furvv0vhoolqj srzhu frqvlghudeo|1 Vrph eudqfkhv hqwluho|
vshfldol}hg lq vhoolqj odujh dprxqwv ri wzr ru wkuhh surgxfwv1 Wklv ihdwxuh dssduhqwo|
glvdgydqwdjhg eudqfkhv wkdw surylghg hdfk ri wkh irxu surgxfwv/ dv wkh| zhuh odujho| rxw0
shuiruphg e| olqhdu frpelqdwlrqv ri vshfldol}hg GPX*v1 Qr eudqfk vhoolqj doo irxu ri wkh
surgxfwv zdv lghqwlhg dv ehlqj uhodwlyho| h!flhqw1 Wkhuhiruh/ Qdvk dqg Vwhuqd0Nduzdw
lqwurgxfhg d prglhg dgglwlyh prgho/ ghvljqhg vr dv wr plwljdwh wkh lpsdfw ri wkh pdq|
}hur hqwulhv1 D qhz crxwsxw* zdv lqwurgxfhg lq wkh irup ri d frxqw ri krz pdq| glhu0
hqw w|shv ri surgxfwv zhuh vrog e| d eudqfk ryhu wkh shulrg frqvlghuhg1 Lwv ydoxh frxog
udqjh iurp 4 wr 71 Li wkh fruuhvsrqglqj cfrxqwv*0yhfwru lv ghqrwhg e| S +zlwk S￿ dv lwv wk
hohphqw,/ wkh hyhqwxdo prgho/ zklfk zh zloo uhihu wr dv wkh wudgh0r0GHD prgho lq wkh
iroorzlqj/ lv prgho 4 +ru/ htxlydohqwo|/ prgho 6, zlwk doo uhihuhqfh wr lqsxw ehlqj rplwwhg
dqg wkh iroorzlqj frqvwudlqw lqfoxghg=
SAb  SJ
Dv qrwhg e| Qdvk dqg Vwhuqd0Nduzdw/ wkh lghd khuh lv wkdw wkhuh h{lvwv d wudgh0r
ehwzhhq rhulqj pruh surgxfwv dqg dfklhylqj kljk ordq0surgxfw udwlrv iru hdfk ri wkh
surgxfwv surylghg81 Wkh deryh uhvwulfwlrq lv lpsruwdqw lq vr idu wkdw lw uhvwulfwv wkh vhw
ri srwhqwldo uhihuhqfh srlqwv1 Wkh dvvrfldwhg vodfn ydoxh lv qrw fdswxuhg e| wkh remhfwlyh
ixqfwlrq/ krzhyhu1
Zh dovr dssolhg d wklug prgho wr frpsxwh furvv0vhoolqj h!flhqf| vfruhv/ yl}1 wkh
dgglwlyh IGK prgho ^vhh Edugkdq hw do1 +4<<9,`1 Wkh dssolhg prgho htxdov prgho 4 +ru
prgho 6, zlwkrxw uhihuhqfhv wr lqsxw dqg dggv wr wklv wkh lqwhjudolw| frqvwudlqwb￿ 5i fcj
E;1 Hyhu| lqh!flhqw revhuydwlrq lv qrz frpsduhg wr rqo| rqh grplqdwlqj revhuyhg
rxwsxw frpelqdwlrq1 Wklv hqwdlov wkdw dq revhuydwlrq zklfk surylghv/ h1j1/ irxu surgxfwv
zloo eh hydoxdwhg djdlqvw dq dfwxdoo| revhuyhg uhihuhqfh srlqw surylglqj doo ri wkh irxu
surgxfwv1 Wkh uhihuhqfh yhfwru fdq qr orqjhu eh d frqyh{ frpelqdwlrq ri wzr ru pruh
vshfldol}hg revhuydwlrqv1 Fohduo| wkh IGK dgglwlyh prgho lv pruh jhqhurxv wkdq wkh wzr
8Wr vrph h{whqw/ wklv ylhz fdq eh uhfrqflohg zlwk wkh dujxphqw ri E|uqhv/ I￿uh dqg Jurvvnrsi ^4<;7‘
wkdw }hurv lq gdwd uhsuhvhqw ixqgdphqwdo fkdudfwhulvdwlrqv ri wkh revhuyhg ghflvlrq pdnlqj surfhvv1 Wkhuh
lw lv dujxhg wkdw d pdqdjhu zkr grhv qrw xvh d sduwlfxodu lqsxw ru surgxfh d sduwlfxodu rxwsxw kdv pdgh
d frqvflrxv ghflvlrq fkrlfh wr gr vr dqg wkdw lw lv wklv ghflvlrq fkrlfh zklfk vkrxog eh dqdo|vhg1
<dowhuqdwlyhv glvfxvvhg deryh1 Doo revhuydwlrqv zklfk duh qrw vwulfwo| grplqdwhg lq hdfk
ri wkh irxu glphqvlrqv e| dq revhuyhg rxwsxw yhfwru zloo eh odehoohg h!flhqw1
2C72 rxwsxw vfruhv zhuh frpsxwhg iru doo wkuhh uhihuhqfh iurqwlhuv1 Qrwh wkdw lq wklv











vr wkdw wkh cvxp ri vodfnv* fdq dw prvw htxdo wkh cvxp ri wdujhwv*1 Frqvhtxhqwo| wkh orzhu
erxqg iru wkh 2C72 phdvxuh htxdov rqh kdoi/ zklfk vhhpv rgg lq frpsdulvrq zlwk rwkhu
h!flhqf| phdvxuhv1 Zkloh uhvfdolqj wkh vfruhv lv ri frxuvh dozd|v d srvvlelolw|/ wkhuh lv
vwloo qr fohdu lqwxlwlrq iru wkh fduglqdo 2C72 vfruhv1 Doo wkdw fdq eh vdlg d sulrul lv wkdw
wkh| htxdo rqh iru h!flhqw GPXv dqg wkdw wkh| zloo eh orzhu wkh ixuwkhu dq revhuydwlrq
olhv iurp lwv uhihuhqfh srlqw1 Wkh 2C72 rxwsxw vfruhv zhuh frpsduhg zlwk wkh h!flhqf|
vfruhv rewdlqhg e| wkh rxwsxw rulhqwhg phdvxuh +7,/ dqg wkh wzr sduwv ri zklfk lw lv
frpsrvhg1
Wdeoh 4 surylghv vrph vxppdu| vwdwlvwlfv derxw wkh 2C72 dqg wkh sulfh0dgmxvwhg
sursruwlrqdo/ vodfn edvhg h!flhqf| uhvxowv +dqg wkhlu GI dqg LSF frpsrqhqwv, iru hdfk
ri wkh wkuhh prghov glvfxvvhg deryh +uhvshfwlyho| uhihuuhg wr dv GHD/ wudgh0r GHD
dqg IGK,1 Zh qg wkdw wkh Vshdupdq udqn fruuhodwlrqv duh pxfk kljkhu iru wkh IGK
dssolfdwlrq wkdq iru wkh GHD dqg wudgh0r GHD dssolfdwlrqv1 Wklv frqwudvwv zlwk wkh
ryhudoo vfruh fruuhodwlrqv/ zklfk duh pruh ru ohvv wkh vdph1 Wklv uhvxow pdlqo| iroorzv
iurp wkh idfw wkdw wkh GHD dqg wudgh0r GHD vfruhv duh prvwo| yhu| orz dqg iru d juhdw
ghdo sdfnhg wrjhwkhu/ vr wkdw vpdoo vkliwv lq vfruhv pd| jlyh ulvh wr vxevwdqwldo vkliwv lq
udqnlqjv1 Wkh IGK vfruhv/ rq wkh frqwudu|/ duh pruh hyhqo| glvwulexwhg ryhu wkh zkroh
^3/4`0udqjh uhvxowlqj lq ohvv vhqvlwlyh udqnlqjv1
Vwloo rwkhu revhuydwlrqv fdq eh pdgh iurp wdeoh 4/ vxfk dv wkh uhodwlyho| kljk dyhudjh
dqg plqlpxp ydoxhv dvvrfldwhg zlwk wkh IGK prgho/ zklfk uh hfw wkh jhqhurvlw| ri wkh
phwkrgrorj|1 Wkhuh lv dovr wkh uhodwlyho| orz fruuhodwlrq ehwzhhq wkh 2C72 dqg U
uhvxowv1 Wklv qglqj kdv vwudljkwiruzdug lqwxlwlrq dv wkh 2C72 phdvxuh rqo| fdswxuhv
wkh +uhodwlyh, glvwdqfh iurp wkh wdujhw srlqw dqg grhv qrw frqvlghu ghyldwlrqv iurp wkh
wdujhw*v lpsolflw sulfh yhfwru1
Xqolnh wkh 2C72 phdvxuh/ wkh phdvxuh +7, dovr fdswxuhv wkh ghyldwlrq iurp wkh
uhihuhqfh lpsolflw sulfh yhfwru1 Iljxuh 5/ zklfk glvsod|v wkh klvwrjudpv iru wkh LSF
frpsrqhqwv lq wkh GHD/ wudgh0r GHD dqg IGK dssolfdwlrqv/ vxjjhvwv wkdw wkhvh sulfh
ghyldwlrqv fdq glhu frqvlghudeo| dfurvv revhuydwlrqv1 Lw lv vhhq wkdw wkh prvw vwulqjhqw
prgho/ wkh ruljlqdo GHD dgglwlyh prgho/ lpsolhv jhqhudoo| orz LSF vfruhv1 Dssolfdwlrq
ri wkh prvw jhqhurxv prgho/ l1h1 wkh dgglwlyh IGK prgho/ rq wkh rwkhu kdqg/ ohdgv wr
kljkhu LSF vfruhv1 Exw hyhq wkhq sulfh ghyldwlrqv duh glvwulexwhg ryhu d vxevwdqwldoo|
odujh udqjh1 Lq jhqhudo/ vxfk uhvxowv pd| dfw dv d vljqdo wkdw/ dv idu dv wkh h{dplqhg gdwdvhw
lv frqfhuqhg/ wkhuh lv d zlgh glvshuvlrq ehwzhhq Gheuhx0Iduuhoo h!flhqf| phdvxuhphqw
dqg uhvxowv rewdlqhg e| uhihuulqj wr wkh Sduhwr0Nrrspdqv h!flhqf| qrwlrq1
43Wdeoh 4= Vxppdu| vwdwlvwlfv
GHD wudgh0r GHD IGK
Vfruhv fruuhodwlrq +Shduvrq,=
2C720sulfh0dgmxvwhg 31<;<3 31<;8< 31<;3;
2C720GI 31<<46 31<;94 31<;45
2C720LSF 317<98 31976: 3194:<
Udqnlqjv fruuhodwlrq +Vshdupdq,=
2C720sulfh0dgmxvwhg 315:34 31:8<3 31<88:
2C720GI 3186:: 31;669 31<:47
2C720LSF 031346: 319383 31;:94
Vwdqgdug ghyldwlrq ri vfruhv=
2C72 3143<5 3147:< 314<:4
sulfh0dgmxvwhg 31558; 316549 317397
GI 315596 31649: 316<8:
LSF 315<;3 3164;3 3153<3
D y h u d j hv f r u hy d o x h =
2C72 318855 319384 31:43;
sulfh0dgmxvwhg 3139<5 314::< 31777<
GI 313;4: 31534< 31794:
LSF 316:<< 318584 31;6;3
Plqlpxp vfruh ydoxh=
2C72 318396 318535 318549
sulfh0dgmxvwhg 313335 31333< 313484
GI 313359 3133<3 3136:;
LSF 313938 313<;8 315<7:
Dqdo|vlqj wkh sulfh ghyldwlrqv vrphzkdw ixuwkhu/ zh qg iru wkh GHD prgho dqg
+wr d vrphzkdw ohvvhu h{whqw, iru wkh wudgh0r yhuvlrq wkdw hvshfldoo| wkh lpsolflw sulfh
ghyldwlrqv iru wkh irxuwk surgxfw duh vxevwdqwldo +vhh jxuh 6/ zkhuh rxwsxw 5 lv wdnhq
dv wkh qxpìudluh,1 Wklv pdlqo| iroorzv iurp wkh idfw wkdw rqh revhuydwlrq +eudqfk 6,/
zklfk surylghg rqo| wzr surgxfwv/ lv khdylo| vshfldolvhg lq wkh irxuwk surgxfw1 Zkhq
vhdufklqj iru uhihuhqfh rxwsxw frpelqdwlrqv iru lqh!flhqw GPXv/ wkh zhljkw dwwulexwhg
wr wklv revhuydwlrq lv jhqhudoo| kljk/ zklfk fdxvhv frqvlghudeoh glhuhqfhv ehwzhhq dfwxdo
dqg uhihuhqfh lpsolflw sulfhv iru wkh irxuwk surgxfw1 Rq wkh rwkhu kdqg/ wkh IGK prgho
grhv qrw doorz wr frpsduh zlwk olqhdu frpelqdwlrqv ri h!flhqw GPXv1 Rqo| dfwxdoo|
revhuyhg frpelqdwlrqv fdq eh xvhg dv uhihuhqfh srlqwv1 Wkh kljko| vshfldolvhg GPX wkxv
rqo| frqvwlwxwhv d srvvleoh uhihuhqfh iru vlploduo| vshfldol}hg eudqfkhv1 Dssduhqwo| wklv
dssolhv iru rqo| wzr revhuydwlrqv +77 dqg 94,1
Ohw xv/ qdoo|/ wdnh d forvhu orrn dw vrph lqglylgxdo uhvxowv1 Wkh dsshqgl{ jlyhv
wkh IGK uhvxowv iru wkh zkroh vhw ri GPXv1 Frqvlghu eudqfk 4; zklfk lv frpsduhg wr
revhuydwlrq 441 Wklv revhuydwlrq kdv d prghudwh GI vfruh ri 9< shufhqw1 Lwv LSF vfruh/
rq wkh frqwudu|/ dprxqwv wr <; shufhqw1 Lqghhg/ wkh rxwsxw sursruwlrqv ri revhuydwlrq
4; duh forvh wr wkh uhihuhqfh rxwsxw sursruwlrqv1 Wklv lv kdugo| wkh fdvh iru revhuydwlrq
8:/ zklfk lv grplqdwhg e| revhuydwlrq 71 Wkh orz LSF vfruh fdq eh h{sodlqhg e| wkh


























































































































































45idfw wkdw eudqfk 7/ zkloh dwwdlqlqj rqo| prghudwho| kljkhu ydoxhv iru wkh surgxfw udwlrv
4/ 5 dqg 7/ dfklhyhv d yhu| kljk furvv0vhoolqj udwlr iru surgxfw 6/ zklfk lv qrw surylghg e|
GPX 8:1 Wkh cpl{ h!flhqf|* ri wkh odwwhu lv wkhuhiruh yhu| orz1 Revhuydwlrq 7;/ zklfk
kdv 4 dv uhihuhqfh eudqfk/ grhv qrw ghyldwh pxfk iurp lwv ehvw sudfwlfh shhu z1u1w1 wkh
uhodwlyh surgxfw sulfhv wkdw xqghuo| wkh revhuyhg pl{1 Wkh Gheuhx0Iduuhoo glvwdqfh iurp
wkh uhihuhqfh srlqw +diwhu fruuhfwlrq iru wkh lpsolflw sulfhv, lv frqvlghudeoh/ krzhyhu1 Lq
wklv uhvshfw/ eudqfk 48/ zklfk vkduhv wkh vdph uhihuhqfh revhuydwlrq/ iduhv pxfk ehwwhu1
Revhuydwlrq 7; frxog dovr eh frpsduhg wr eudqfk 471 Erwk kdyh edg vfruhv rq wkh ohyho0
whvw/ exw eudqfk 7; shuirupv ehwwhu z1u1w1 plplfnlqj wkh rxwsxw0frpsrvlwlrq ri lwv ehvw
sudfwlfh uhihuhqfh1 Vxfk h{dpsohv lqglfdwh wkdw erwk frpsrqhqwv ri wkh phdvxuh pd|
surylgh wkh uhvhdufkhu zlwk lqwhuhvwlqj lqirupdwlrq derxw +l, zkhwkhu udgldo phdvxuhphqw
zrxog |lhog uhvxowv wkdw ghyldwh wr d frqvlghudeoh h{whqw iurp Sduhwr0Nrrspdqv h!flhqf|
phdvxuhphqw/ dqg +ll, wkh lqh!flhqf| ri d GPX lq uhodwlrq wr lwv uhihuhqfh revhuydwlrq/
erwk lq whupv ri lqsxw2rxwsxw frpsrvlwlrq dv zhoo dv lq ohyho whupv1
7 Frpphqwv dqg frqfoxvlrq
Zkloh udgldo h!flhqf| phdvxuhv srvvhvv dq dwwudfwlyh lqwhusuhwdwlrq/ wkh| gr qrw dozd|v
frqirup wr wkh Nrrspdqv ghqlwlrq ri whfkqlfdo h!flhqf|1 Pruhryhu/ lq pdq| fdvhv/
vxfk dv wkh fodvvlfdo FFU dqg EFF prgho irupxodwlrqv/ vwulfwo| srvlwlyh gdwd hqwulhv duh
uhtxluhg wkurxjkrxw wkh frpsohwh gdwd grpdlq1 Erwk ri wkhvh sureohpv uhvwulfw wkhlu hog
ri dssolfdelolw|1
D prgho zklfk grhv qrw idfh wkh deryh gl!fxowlhv lv wkh dgglwlyh prgho1 Wkh dvvr0
fldwhg vfruh odfnv dq lqwxlwlyh lqwhusuhwdwlrq/ krzhyhu1 Wkhuhiruh zh lqwurgxfhg dqrwkhu
h!flhqf| phdvxuh zklfk lv frqvwuxfwhg iurp wkh dgglwlyh uhvxowv1 Lq wklv sdshu zh sur0
srvhg wr vroyh dq +lqsxw0 ru rxwsxw0, rulhqwhg dgglwlyh prgho lq d uvw vwhs1 Qrwh wkdw
wklv lv qrw vwulfwo| qhfhvvdu| 0rqh frxog htxdoo| zhoo frpsxwh lqsxw dqg rxwsxw vfruhv
gluhfwo| iurp wkh ruljlqdo dgglwlyh uhvxowv0 exw lw doorzv wr lghqwli| glhuhqw uhihuhqfh vhwv
dffruglqj wr wkh rulhqwdwlrq1
Wkh phdvxuh glvfxvvhg lq wklv sdshu/ zklfk kdv erwk dq lqsxw dqg dq rxwsxw yhuvlrq/
fdq eh ghfrpsrvhg lqwr d Gheuhx0Iduuhoo dqg dq lpsolflw sulfh fruuhvsrqghqfh frpsr0
qhqw1 Dv zh wulhg wr pdgh fohdu xvlqj wkh Qdvk dqg Vwhuqd0Nduzdw +4<<9, dssolfdwlrq/
erwk frpsrqhqwv rhu lqirupdwlrq wkdw fdq eh lqwhuhvwlqj zkhq hydoxdwlqj surgxfwlyh
dfwlylwlhv1
Zkloh zh kdyh rswhg wr lqwurgxfh wklv phdvxuh xvlqj dq rulhqwhg dgglwlyh prgho/
zh qrwh khuh wkdw lq jhqhudo vxfk d ghfrpsrvdeoh phdvxuh qhhg qrw qhfhvvdulo| eh vodfn
edvhg1 Lq idfw lw fdq eh frpsxwhg dv vrrq dv rqh glvsrvhv ri d uhihuhqfh srlqw iru wkh GPX
xqghu vwxg|1 Rqh frxog/ iru lqvwdqfh/ uvw lghqwli| wkh uhihuhqfh srlqw xvhg wr fdofxodwh
wkh Içuh0Oryhoo +4<:;, ru ]lhvfkdqj +4<;7, h!flhqf| vfruh dqg frpsxwh d phdvxuh vlplodu
wr +7, ru +8, lq d vhfrqg vwhs1 Hvshfldoo| zkhq wkh uhihuhqfh sulfh yhfwru glhuv iurp
wkh dfwxdo lpsolflw sulfh yhfwru +l1h1 zkhq wkh uhihuhqfh GPX grhv qrw frlqflgh zlwk
dq htxlsursruwlrqdwh surmhfwlrq, wkh phdvxuh suhvhqwhg khuh fdswxuhv xvhixo lqirupdwlrq
suhflvho| rq wkh ghyldwlrq ehwzhhq wkhvh lpsolflw uhodwlyh sulfhv +dqg wkhlu dvvrfldwhg
46lqsxw0rxwsxwpl{hv,1
Ri frxuvh/ GHD lv dq h!flhqf| phdvxuhphqw wrro udwkhu wkdq d sdqdfhd1 Rswlrqv
frqfhuqlqj wkh fkrlfh ri phdvxuh+v, ru dvvxpswlrqv rq wkh uhihuhqfh whfkqrorj| duh qdoo|
lq wkh kdqgv ri wkh hydoxdwru/ zkr vkrxog wkhuhiruh kdyh dq h|h iru wkh sduwlfxodu sureohp
dqg gdwd dw kdqg1 Wklv lv doo wkh pruh wuxh li rqh uhfrjql}hv/ dv lq rxu h{dpsoh/ wkh
vxevwdqwldo lpsdfw ri vxfk rswlrqv rq wkh hyhqwxdo h!flhqf| vfruhv dqg/ frqvhtxhqwo|/ rq
wkh srvvleoh pdqdjhphqw frqfoxvlrqv1
Uhihuhqfhv
^4` DOL/ D1 +4<<7,/ Frpsxwdwlrqdo Dvshfwv ri GHD/ lq= FKDUQHV/ D1/ FRRSHU/
Z1Z1/ OHZLQ/ D1\1 dqg O1P1 VHLIRUG +hgv1,/ Gdwd Hqyhorsphqw Dqdo|0
vlv= Wkhru|/ Phwkrgrorj| dqg Dssolfdwlrqv/ Noxzhu Dfdghplf Sxeolvkhuv/
Ervwrq2Gruguhfkw2Orqgrq/ s1 960;;1
^5` DOL/ D dqg O1P1 VHLIRUG +4<<3,/ Wudqvodwlrq Lqyduldqfh lq Gdwd Hqyhorsphqw
Dqdo|vlv/ Rshudwlrqv Uhvhdufk Ohwwhuv </ s 73607381
^6` EDQNHU/ U1G1/ FKDUQHV/ D1 dqg Z1Z1 FRRSHU +4<;7,/ Vrph Prghov iru Hv0
wlpdwlqj Whfkqlfdo dqg Vfdoh Lqh!flhqflhv lq Gdwd Hqyhorsphqw Dqdo|vlv/ Pdqdjh0
phqw Vflhqfh 63 +<,/ s1 43:;043<51
^7` EDUGKDQ/ L1/ ERZOLQ/ Z1I1/ FRRSHU/ Z1Z1 dqg W1 VXH\RVKL +4<<9,/ Prg0
hov dqg Phdvxuhv iru H!flhqf| Grplqdqfh lq GHD= Sduw L= Dgglwlyh Prghov dqg
PHG Phdvxuhv/ Mrxuqdo ri Rshudwlrqv Uhvhdufk Vrflhw| ri Mdsdq 6</ s1 65506651
^8` E\UQHV/ S1/ IÇUH/ U1 dqg V1 JURVVNRSI +4<;7,/ Phdvxulqj Surgxfwlyh H!0
flhqf|= dq Dssolfdwlrq wr Vwuls Plqhv/ Pdqdjhphqw Vflhqfh 63/ s1 9:409;41
^9` FKDUQHV/ D1/ FRRSHU/ Z1Z1 dqg H1 UKRGHV +4<:;,/ Phdvxulqj wkh H!flhqf|
ri Ghflvlrq Pdnlqj Xqlwv/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 5/ s1 75<07771
^:` FKDUQHV/ D1/ FRRSHU/ Z1Z1 dqg H1 UKRGHV +4<:<,/ Phdvxulqj wkh H!flhqf|
ri Ghflvlrq Pdnlqj Xqlwv/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 6/ s1 56<1
^;` FKDUQHV/ D1/ FRRSHU/ Z1Z1/ JRODQ\/ E1/ VHLIRUG/ O1 dqg M1 VWXW]
+4<;7,/ D Glphqvlrqohvv Phdvxuh iru Ghsduwxuhv iurp Sduhwr Rswlpdolw|/ FFV Uh0
vhdufk Uhsruw 7;3/ Xqlyhuvlw| ri Wh{dv/ Dxvwlq1
^<` FKDUQHV/ D1/ FRRSHU/ Z1Z1/ JRODQ\/ E1/ VHLIRUG/ O1 dqg M1 VWXW]
+4<;8,/ Irxqgdwlrqv ri Gdwd Hqyhorsphqw Dqdo|vlv iru Sduhwr0Nrrspdqv H!flhqw
Hpslulfdo Surgxfwlrq Ixqfwlrqv/ Mrxuqdo ri Hfrqrphwulfv 63 +425,/s 1< 4 0 4 3 : 1
^43` GHEUHX/ J1 +4<84,/ Wkh Frh!flhqw ri Uhvrxufh Xwlolvdwlrq/ Hfrqrphwulfd 4<+6,/
s1 5:605<51
47^44` IÇUH/ U1 dqg F1D1N1 ORYHOO +4<:;,/ Phdvxulqj wkh Whfkqlfdo H!flhqf| ri Sur0
gxfwlrq/ Mrxuqdo ri Hfrqrplf Wkhru| 4< +4,/ s1 48304951
^45` IÇUH/ U1/ ORYHOO/ F1D1N1 dqg N1 ]LHVFKDQJ +4<;6,/ Phdvxulqj wkh Whfkql0
fdo H!flhqf| ri Pxowlsoh Rxwsxw Surgxfwlrq Whfkqrorjlhv/ lq= HLFKKRUQ/ Z1/
QHXPDQQ/ N1 dqg U1 VKHSKDUG +hgv1,/ Txdqwlwdwlyh Vwxglhv rq Surgxfwlrq dqg
Sulfhv/ Sk|vlfd0Yhuodj/ Zÿu}exuj/ s1 48304:41
^46` IDUUHOO/ P1M1 +4<8:,/ Wkh Phdvxuhphqw ri Surgxfwlyh H!flhqf|/ Mrxuqdo ri wkh
Ur|do Vwdwlvwlfdo Vrflhw| Vhulhv D 453 +6,/ s 58605;41
^47` IHUULHU/ J1G1/ NHUVWHQV/ N1 dqg S1 YDQGHQ HHFNDXW +4<<7,/ Udgldo dqg
Qrq0udgldo Whfkqlfdo H!flhqf| Phdvxuhv rq d GHD Uhihuhqfh Whfkqrorj|= d Frp0
sdulvrq Xvlqj XV Edqnlqj Gdwd/ Uhfkhufkhv Hfrqrpltxhv gh Orxydlq 93 +7,/s 1
77<07:<1
^48` KDDJ/ V1/ MDVND/ S1 dqg M1 VHPSOH +4<<5,/ Dvvhvvlqj wkh Uhodwlyh H!flhqf| ri
Djulfxowxudo Surgxfwlrq Xqlwv lq wkh Edfnodqg Sudlulh/ Wh{dv/ Dssolhg Hfrqrplfv
57/s 18 8 < 0 8 9 8 1
^49` NRRSPDQV/ W1 +4<84,/ Dqdo|vlv ri Surgxfwlrq dv dq H!flhqw Frpelqdwlrq ri
Dfwlylwlhv/ lq= NRRSPDQV/ W1 +hg1,/ Dfwlylw| Dqdo|vlv ri Surgxfwlrq dqg Doorfdwlrq=
Surfhhglqjv ri d Frqihuhqfh/ \doh Xqlyhuvlw| Suhvv/ Qhz Kdyhq/ s1 660<:1
^4:` QDVK/ G1 dqg D1 VWHUQD0NDUZDW +4<<9,/ Dq Dssolfdwlrq ri GHD wr Phdvxuh
Eudqfk Furvv Vhoolqj H!flhqf|/ Frpsxwhuv dqg Rshudwlrqv Uhvhdufk 56 +7,/ s1 6;80
6<51
^4;` SDVWRU M1W1 +4<<7,/ Qhz Dgglwlyh Prghov iru Kdqgolqj ]hur dqg Qhjdwlyh Gdwd/
sdshu suhvhqwhg dw wkh Dodvnd WLPV phhwlqj/D q f k r u d j h 1
^4<` UXVVHOO/ U1 +4<;8,/ Phdvxuhv ri Whfkqlfdo H!flhqf|/ Mrxuqdo ri Hfrqrplf Wkhru|
68+4,/s 1 4 3 < 0 4 5 9
^53` WKRPSVRQ/ U1J1/ GKDUPDSDOD/ S1V1 dqg U1P1 WKUDOO +4<<6,/ Lpsruwdqfh
iru GHD ri ]hurv lq Gdwd/ Pxowlsolhuv dqg Vroxwlrqv/ Mrxuqdo ri Surgxfwlylw| Dqdo|vlv
7/s 16 6 < 0 6 < 3 1
^54` ]LHVFKDQJ/ N1 +4<;7,/ Dq H{whqghg Iduuhoo H!flhqf| Phdvxuh/ Mrxuqdo ri Hfr0
qrplfWkhru| 66 +5,/ s1 6;:06<91
48Dsshqgl{= Gdwd dqg IGK uhvxowv
Product 1 Product 2 Product 3 Product 4 Score
Branch Actual Reference Actual Reference Actual Reference Actual Reference DF PD slack  based
1 1176 1176 158 158 183 183 0 0 1,0000 1,0000 1,0000
2 255 255 297 297 0 0 125 125 1,0000 1,0000 1,0000
3 0 0 198 198 0 0 3900 3900 1,0000 1,0000 1,0000
4 215 215 85 85 767 767 62 62 1,0000 1,0000 1,0000
5 77 77 168 168 31 31 38 38 1,0000 1,0000 1,0000
6 158 158 126 126 12 12 19 19 1,0000 1,0000 1,0000
7 0 0 465 465 79 79 0 0 1,0000 1,0000 1,0000
8 120 120 82 82 49 49 156 156 1,0000 1,0000 1,0000
9 85 85 86 86 61 61 146 146 1,0000 1,0000 1,0000
10 80 80 22 22 67 67 146 146 1,0000 1,0000 1,0000
11 57 57 73 73 68 68 139 139 1,0000 1,0000 1,0000
12 94 94 87 87 259 259 20 20 1,0000 1,0000 1,0000
13 0 0 57 57 24 24 780 780 1,0000 1,0000 1,0000
14 215 215 85 85 87 767 27 62 0,1887 0,6103 0,1152
15 851 1176 112 158 0 183 0 0 0,7066 0,9883 0,6983
16 125 215 66 85 152 767 16 62 0,2324 0,8971 0,2085
17 41 41 119 119 72 72 28 28 1,0000 1,0000 1,0000
18 53 57 53 73 65 68 80 139 0,6897 0,9759 0,6730
19 14 215 57 85 232 767 6 62 0,2884 0,9679 0,2791
20 100 100 92 92 41 41 42 42 1,0000 1,0000 1,0000
21 39 215 77 85 105 767 57 62 0,1533 0,8360 0,1282
22 501 501 66 66 203 203 0 0 1,0000 1,0000 1,0000
23 59 59 109 109 40 40 25 25 1,0000 1,0000 1,0000
24 55 215 58 85 90 767 21 62 0,1349 0,8870 0,1197
25 90 215 79 85 37 767 23 62 0,0865 0,5457 0,0472
26 78 215 61 85 21 767 43 62 0,0631 0,4609 0,0291
27 43 215 63 85 29 767 59 62 0,0627 0,5006 0,0314
28 35 215 59 85 61 767 37 62 0,0955 0,7749 0,0740
29 32 215 69 85 30 767 52 62 0,0604 0,5007 0,0302
30 33 215 73 85 47 767 35 62 0,0798 0,6460 0,0516
31 29 77 97 168 25 31 25 38 0,5540 0,9878 0,5473
32 17 215 53 85 27 767 54 62 0,0499 0,4883 0,0244
33 25 215 71 85 16 767 46 62 0,0411 0,3683 0,0151
34 41 215 54 85 17 767 40 62 0,0448 0,4470 0,0200
35 92 92 122 122 374 374 0 0 1,0000 1,0000 1,0000
36 0 0 408 465 0 79 0 0 0,8528 0,9859 0,8408
37 327 1176 150 158 21 183 0 0 0,2859 0,9525 0,2723
38 10 215 61 85 23 767 48 62 0,0433 0,4265 0,0185
39 35 77 101 168 14 31 7 38 0,5570 0,9858 0,5491
40 42 215 55 85 34 767 17 62 0,0633 0,6437 0,0407
41 0 215 72 85 359 767 28 62 0,4387 0,9599 0,4211
42 75 92 87 122 311 374 0 0 0,8199 0,9991 0,8192
43 29 215 63 85 23 767 21 62 0,0473 0,4998 0,0236
44 0 0 102 198 0 0 378 3900 0,0980 0,9774 0,0958
45 11 215 84 85 29 767 18 62 0,0509 0,4478 0,0228
46 28 215 25 85 19 767 27 62 0,0378 0,6073 0,0229
47 0 0 88 88 236 236 42 42 1,0000 1,0000 1,0000
48 215 1176 28 158 87 183 0 0 0,1895 0,9740 0,1846
49 0 0 148 148 304 304 0 0 1,0000 1,0000 1,0000
50 84 215 77 85 203 767 0 62 0,2793 0,9640 0,2692
51 0 0 132 148 304 304 0 0 0,9793 0,9991 0,9784
52 116 1176 137 158 117 183 0 0 0,1245 0,6976 0,0869
53 341 1176 87 158 0 183 0 0 0,2877 0,9816 0,2825
54 0 120 76 82 37 49 120 156 0,5592 0,8335 0,4661
55 67 1176 68 158 172 183 0 0 0,0840 0,5124 0,0430
56 0 92 110 122 270 374 0 0 0,7009 0,9712 0,6807
57 177 215 70 85 0 767 22 62 0,0703 0,2947 0,0207
58 46 215 54 85 186 767 0 62 0,2434 0,9825 0,2391
59 137 1176 108 158 55 183 0 0 0,1306 0,8572 0,1119
60 137 255 108 297 0 0 28 125 0,4176 0,9712 0,4055
61 0 0 132 198 0 0 208 3900 0,0549 0,8704 0,0478
62 52 1176 85 158 136 183 0 0 0,0690 0,4914 0,0339
63 79 1176 104 158 96 183 0 0 0,0880 0,6521 0,0574
64 0 85 85 86 51 61 79 146 0,5536 0,8698 0,4815
65 130 1176 106 158 35 183 0 0 0,1221 0,8557 0,1045
66 137 1176 54 158 55 183 0 0 0,1247 0,9522 0,1187
67 0 215 79 85 243 767 0 62 0,2991 0,9405 0,2813
68 0 215 70 85 246 767 0 62 0,3015 0,9471 0,2855
69 0 0 118 118 64 64 56 56 1,0000 1,0000 1,0000
49Product 1 Product 2 Product 3 Product 4 Score
Branch Actual Reference Actual Reference Actual Reference Actual Reference DF PD slack  based
70 15 255 100 297 0 0 89 125 0,2644 0,8066 0,2133
71 56 1176 148 158 76 183 0 0 0,0716 0,4894 0,0350
72 47 255 89 297 0 0 67 125 0,2771 0,9418 0,2610
73 0 215 40 85 243 767 0 62 0,2940 0,9591 0,2819
74 116 1176 76 158 47 183 0 0 0,1089 0,8932 0,0973
75 108 1176 118 158 33 183 0 0 0,1052 0,7736 0,0814
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